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Stiefel-Whitney Numbers for Singular Varieties
Carl McTague
ABSTRACT. This paper determines which Stiefel-Whitney numbers can be de-
fined for singular varieties compatibly with small resolutions. First an upper
bound is found by identifying the F2-vector space of Stiefel-Whitney numbers
invariant under classical flops, equivalently by computing the quotient of the
unoriented bordism ring by the total spaces of RP3 bundles. These Stiefel-
Whitney numbers are then defined for any real projective normal Gorenstein
variety and shown to be compatible with small resolutions whenever they ex-
ist. In light of Totaro’s result [Tot00] equating the complex elliptic genus with
complex bordism modulo flops, equivalently complex bordism modulo the total
spaces of C˜P
3
bundles, these findings can be seen as hinting at a new elliptic
genus, one for unoriented manifolds.
Introduction
For a complex algebraic variety Y , intersection cohomology provides groups
IH∗(Y ) equipped with an intersection pairing IH∗(Y )⊗IH∗(Y )→Zwith the prop-
erty that if X →Y is a small resolution then H∗(X)∼= IH∗(Y ) as additive groups.
This beautiful fact points to a general philosophy: Whenever a singular vari-
ety Y has a small resolution X → Y , the invariants of Y should agree with the
invariants of X . According to this philosophy, an invariant can be extended to
a singular variety only if the invariant agrees on all small resolutions of that
variety. Since it is possible to construct a complex algebraic variety X having
two small resolutions X1→ Y ← X2 with H∗(X1)∼= H∗(X2) as additive groups but
not as rings, the philosophy for instance says that there is no natural way to
extend the cup product to IH∗(Y ).
For a real algebraic variety Y , the situation is as usual more problematic.
First of all, real varieties need not be Witt spaces, so classical intersection
cohomology provides an intersection pairing between upper and lower mid-
dle perversity groups IH∗m(Y,Z/2)⊗ IH∗n(Y,Z/2)→ Z/2, which generally are not
isomorphic. Moreover if X → Y is a small resolution then there is not neces-
sarily any relationship between IH∗m(Y,Z/2), IH∗n(Y,Z/2) and H∗(X ,Z/2). How-
ever, it has recently been shown that if X1→ Y ← X2 are two small resolutions
then H∗(X1,Z/2) ∼= H∗(X2,Z/2) as additive groups (compare [Tot02], [MP03],
[vH03]). This tantalizing result suggests that there may be a mod 2 general-
ization of intersection cohomology for real algebraic varieties which is compat-
ible with small resolutions whenever they exist.
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This paper applies the above philosophy not to cohomology theories but
rather to characteristic numbers, specifically Stiefel-Whitney numbers. That
is, it investigates which Stiefel-Whitney numbers can be defined for singular
real varieties compatibly with small resolutions. It begins by analyzing the
special case of pairs of small resolutions related by classical flops. The main
result of this paper (stated without proof in [Tot02]) is that the F2-vector space
of Stiefel-Whitney numbers invariant under classical flops is spanned by the
numbers wk1wn−k for 0 ≤ k ≤ n− 1. These numbers are used to show that the
quotient ring of MO∗ by the ideal I generated by differences X1 − X2 of real
classical flops is isomorphic to:
F2[RP2,RP4,RP8, . . . ]/((RP2
a
)2 = (RP2)2
a
for all a≥ 2)
Finally, the numbers wk1wn−k are defined for any real projective normal
Gorenstein variety and shown to be compatible with small resolutions when-
ever they exist.
These Stiefel-Whitney numbers have arisen before, in Goresky-Pardon’s
calculation of the bordism ring of locally orientable F2-Witt spaces [GP89].
There they appear in the guise vn−2i1 v
2
i for 1≤ i≤ bn/2c and are defined by using
local orientability to lift v1 to cohomology and by using the F2-Witt condition
to lift the Wu class vi to intersection cohomology where it can be squared to
obtain a homology class (see [Gor84]).
This paper constructs the numbers wk1wn−k differently. This new construc-
tion applies to any real projective normal Gorenstein variety. The algebraic
Gorenstein condition corresponds to the topological local orientability condi-
tion but real projective normal Gorenstein varieties need not be F2-Witt, as the
3-fold node discussed below demonstrates (indeed the 3-fold node is topologi-
cally the cone on S1×S1, whereas the cone on an even dimensional manifold is
Witt iff it has no middle-dimensional homology).
This investigation was inspired by Totaro’s investigation [Tot00] of the
analogous question for complex varieties. He found that the kernel of the com-
plex elliptic genus:
MU∗⊗Q→Q[x1,x2,x3,x4]
is generated by differences X1 − X2 where X1 and X2 are related by classical
flops. In light of his result, this paper’s findings can be seen as hinting at an
elliptic genus for unoriented manifolds.
1. Stiefel-Whitney Classes
Stiefel-Whitney classes measure how twisted a space is. Intuitively, the
total Stiefel-Whitney class of a manifold is the sum (in mod 2 homology) of the
cells along which its tangent bundle twists. In modern terminology they are
“classifying maps seen through the lens of mod 2 cohomology”: if the tangent
bundle of an unoriented manifold Mn is classified by a map f :M→ BO(n) (that
is, TM∼= f ∗γn where γn is the universal n-plane bundle over the classifying space
BO(n), the Grassmann manifold of n-planes in R∞), then the Stiefel-Whitney
classes wi(M) of M are the images under the pullback f ∗ : H∗(BO(n),Z/2)→
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H∗(M,Z/2) of the generators of H∗(BO(n),Z/2) ∼= Z/2[w1,w2, . . . ,wn] as a Z/2 al-
gebra. That is, wi(M) = f ∗(wi). This concise description encapsulates a lot of
geometry and history.
We will use a generalization of Stiefel-Whitney classes to singular spaces
inspired by an older and simpler description of Stiefel-Whitney classes. In his
1935 thesis [Sti35], Stiefel defined the homology class wn−i(M) in Hi(M,Z/2) as
the singular locus of a general set of i+ 1 vector fields and conjectured that it
could be defined simply as the sum of all i-simplices in the barycentric subdi-
vision of a triangulation of M. Whitney [Whi40] proved Stiefel’s conjecture in
1939 but only published an “enigmatically brief and intricate” sketch of a proof
(according to AW Tucker’s MR review).
In seeking a similar combinatorial formula for rational Pontryagin classes,
Cheeger (in collaboration with Simons) rediscovered Stiefel’s proof in 1969.
Cheeger’s proof [Che70] inspired Sullivan to ask under what conditions the
sum of all i-simplices in the barycentric subdivision of a triangulation of a
space forms a mod 2 cycle. (To prove Stiefel’s conjecture, Cheeger had of course
shown that this is always the case for smooth manifolds.) Sullivan (together
with Akin) [Sul71] worked out that this is always the case if at each point the
local Euler characteristic is odd. Such spaces, which Sullivan called mod 2
Euler spaces, could thus be given Stiefel-Whitney classes even if they were not
smooth. Sullivan thus began to investigate what classes of spaces other than
manifolds were mod 2 Euler spaces. When Sullivan asked Deligne if he could
give an example of a complex algebraic variety not satisfying this condition,
Deligne surprised Sullivan by almost immediately replying with a convincing
argument that no such example existed using Hironaka’s local resolution of
singularities. This inspired Sullivan to work out a “naive but complicated”
proof [Sul71] that all real analytic spaces are mod 2 Euler spaces. Deligne
then outlined a conjectural theory of Chern classes for singular varieties based
on ideas of Grothendieck, which MacPherson worked out in [Mac74]. The
theory is both elegant and flexible and goes as follows.
PROPOSITION (MacPherson [Mac74]). There is a unique covariant functor
FZ from compact complex algebraic varieties to abelian groups whose value on
a variety is the group of constructible functions from that variety to the integers
(a function V → Z is constructible if it can be written as a finite sum ∑ni1Wi
where each ni ∈Z and each Wi is a subvariety of V ) and whose value f∗ on a map
f satisfies:
f∗(1W )(p) = χ( f−1(p)∩W )
where 1W is the function that is identically one on the subvariety W and zero
elsewhere, and where χ denotes the topological Euler characteristic.
THEOREM (MacPherson [Mac74]). There is a natural transformation from
the functor FZ to integral homology which, on a nonsingular variety V , assigns
to the constant function 1V the Poincare´ dual of the total Chern class of V . There
is only one such natural transformation.
Explicitly, MacPherson’s theorem assigns to any Z-constructible function
α on a compact complex algebraic variety V an element c∗(α) of H∗(V,Z) satis-
fying the following three conditions:
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(1) f∗c∗(α) = c∗ f∗(α)
(2) c∗(α+β ) = c∗(α)+ c∗(β )
(3) c∗(1) = c(V )∩ [V ] if V is smooth
It is the first of these three properties, the pushforward formula relating f∗c∗(α)
to the Euler characteristic of the fibers of f , which makes the theory so useful.
There is an analogous theory of Stiefel-Whitney homology classes which
replaces complex varieties with real varieties, integral homology with mod 2
homology, and Z-constructible functions with Z/2-constructible functions sat-
isfying the “local Euler condition”. Such functions, called Euler functions, gen-
eralize mod 2 Euler spaces in the sense that X is a mod 2 Euler space if and
only if 1X is an Euler function. We will rely on an analytic version of the the-
ory developed by Fu-McCrory [FM97]. (Fulton-MacPherson developed a PL
version within their bivariant framework [FM81].)
PROPOSITION (Fu-McCrory [FM97]). There is a unique covariant functor
E from compact subanalytic spaces to abelian groups whose value on a space
is the subgroup of constructible functions from that space to Z/2 satisfying the
local Euler condition:
D(α) = α
where D is the duality operator uniquely defined by the equation:
D(1W )(p) = χp(W ) =∑
i
(−1)i rank Hi(W,W − p)
and whose value f∗ on a map f satisfies:
f∗(1W )(p) = χ( f−1(p)∩W )
where 1W is the function that is identically one on the subanalytic subset W and
zero elsewhere, and where χ denotes the topological Euler characteristic.
THEOREM (Fu-McCrory [FM97]). There is a natural transformation from
the functor E to mod 2 homology which, on a real analytic manifold V , assigns
to the constant function 1V the Poincare´ dual of the total Stiefel-Whitney class
of V . There is only one such natural transformation.
Explicitly, Fu-McCrory’s theorem assigns to any Euler function α on a com-
pact subanalytic spaceV an element w∗(α) of H∗(V,Z/2) satisfying the following
three conditions:
(1) f∗w∗(α) = w∗ f∗(α)
(2) w∗(α+β ) = w∗(α)+w∗(β )
(3) w∗(1) = w(V )∩ [V ] if V is smooth
Again, it is the first of these three properties, the pushforward formula relating
f∗w∗(α) to the Euler characteristics of the fibers of f , which makes the theory
so useful.
2. Stiefel-Whitney Numbers and Unoriented Bordism
Since Stiefel-Whitney classes of two n-folds live in different cohomology
rings, they cannot be compared directly. One way to compare them is to com-
pare their iterated intersection numbers, that is the products:
wI [M] := wi1(M) · · ·wir(M) ∈ Hn(M,Z/2)∼= Z/2
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where M is an n-fold and I = i1+ · · ·+ ir = n is a partition of n. This cohomol-
ogy class wI [M] is called the Ith Stiefel-Whitney number of M since it can be
naturally identified with a number mod 2. The collection of Stiefel-Whitney
numbers wI [M] as I ranges over all partitions of n can be thought of as “topo-
logical coordinates” of M.
What is the geometric meaning of these coordinates? Two n-folds M and N
are said to be bordant if there is an (n+1)-foldW with boundary ∂W =MunionsqN. It
is not difficult to prove that if M and N are bordant then wI [M] = wI [N] for all I.
Thom proved the much deeper converse: if wI [M] =wI [N] for all partitions I then
there exists a manifold W with boundary ∂W = M unionsqN. Thus Stiefel-Whitney
numbers detect equality in what is called the unoriented bordism ring MO∗,
the ring consisting of bordism equivalence classes of unoriented manifolds with
addition induced by disjoint union and multiplication induced by topological
product.
In a tremendous feat of creativity and precision, Thom [Tho54] showed
that the unoriented bordism ring MO∗ is a polynomial algebra freely generated
over Z/2 by manifolds Y n, one in each dimension n not of the form 2 j−1. That
is:
MO∗ ∼= Z/2[Y 2,Y 4,Y 5,Y 6,Y 8, . . . ]
The generator Y n can be taken to be any degree-(1,1) hypersurface in RPa×RPb
provided a+b= n+1 and the binary expansions of a and b are disjoint, that is
there is no “carrying” when adding them in base 2 (see [MS74, Problem 16-F
on p. 197]). Actually, if n is even then Y n can be taken simply to be RPn.
An essential tool in establishing such claims and the claims below is the
characteristic number sn(w)[Y n], which equals 1 (mod 2) precisely when Y is in-
decomposable in the ring MO∗. It is defined as follows: If the Stiefel-Whitney
classes w1, . . . ,wk are viewed as the elementary symmetric polynomials in for-
mal variables t1, . . . , tN , then sk(w) is the power-sum polynomial tk1+· · ·+tkN (which,
being a symmetric polynomial, can be expressed as a polynomial in the Stiefel-
Whitney classes w1, . . . ,wk). See [MS74, p. 192].
For example, the formula w∗(RPn)= (1+w1O(1))n+1 lets one think of wk(RPn)
as the kth elementary symmetric function in n+1 variables, all set to the value
w1O(1). This immediately gives the formula sk(w)(RPn) = (n+1)w1O(1)k which
implies that RPeven is not bordant to a (nontrivial) product of manifolds.
3. Classical Flops
The simplest example of a variety having two different small resolutions,
discovered by Atiyah [Ati58], is the 3-fold node Y = {x1x2−x3x4 = 0} ⊂ P4. Near
its singular point, Y is Zariski locally isomorphic to the affine cone of σ(P1×
P1) ⊂ P3 where σ : P1×P1 ↪→ P3 is the Segre embedding corresponding to the
ample line bundle O(1,1) = pi∗1O(1)⊗pi∗2O(1). Blowing up Y at its singular point
therefore gives a smooth resolution X˜ → Y with exceptional divisor P1×P1 and
normal bundle NP1×P1/X˜ ∼= OP3(−1)|P1×P1 ∼= O(−1,−1).
By definition, a map f : X → Y is small if:
codim{y ∈ Y |dim f−1(y)≥ r}> 2r
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for all r > 0. Since the singular point of Y has 2-dimensional fiber P1×P1 ⊂ X˜
(and since all other points of Y have zero-dimensional fiber), X˜→Y is not small.
However, since the exceptional divisor P1×P1 has normal bundle O(−1,−1), we
can contract either P1 to obtain two small resolutions X1 → Y ← X2 which are
projective over Y . The 3-folds X1 and X2 are said to be related by an Atiyah flop.
More generally, if Y is any projective 3-fold which is smooth everywhere
except one point where it is Zariski locally isomorphic to the 3-fold node then
Y has two different small resolutions X1→ Y ← X2. These 3-folds X1 and X2 are
said to be related by a classical flop.
Totaro [Tot00, pp. 770–5] defined an n-dimensional classical flop to be a
diagram:
X˜
 

?
??
X1
  A
AA
X2
~~}}}
Y
where Y is a singular projective n-fold which, near each point of its singular
locus Z, is Zariski locally isomorphic to the 3-fold node times a smooth (n−3)-
fold. Blowing up Y along Z gives a smooth resolution X˜ → Y whose exceptional
divisor is a P1×P1 bundle over the smooth (n− 3)-fold Z. Contracting either
family of P1’s gives two different small resolutions X1→ Y ← X2.
Totaro showed that any n-dimensional flop X1 → Y ← X2 can be described
along Z by rank-2 vector bundles A,B over Z, where the inverse image of Z
in X1 is the P1-bundle P(A) and has normal bundle B⊗O(−1) and where the
inverse image of Z in X2 is the P1-bundle P(B) and has normal bundle A⊗
O(−1). He showed that to any rank-2 algebraic vector bundles A,B over Z there
corresponds a classical flop. Moreover, he showed that in MO∗ the difference
X1−X2 equals the total space of the projective bundle RP(A⊕B∗)→ Z. Thus we
can determine how a Stiefel-Whitney number wI changes under a classical flop
by computing wI [RP(A⊕B∗)].
Note that the resolutions X1→ Y ← X2 of a classical flop are crepant. That
is, Y has a line bundle KY which pulls back to the canonical bundles KX1 and
KX2 . Indeed, according to Proposition 10 below, any small resolution X → Y is
crepant provided Y is projective, normal and Gorenstein. (The singular space Y
of a classical flop is projective by assumption; it is Gorenstein since near each
singular point it is a hypersurface times a smooth (n−3)-fold and is therefore
a local complete intersection; it is normal according to Serre’s criterion for
normality since its singular locus Z has codimension 3 (see [Har77, Proposition
II.8.23b]).)
4. Unoriented Bordism Modulo Flops
Now we have enough background to prove the following result, which To-
taro stated without proof in [Tot02].
THEOREM 1. The F2-vector space of Stiefel-Whitney numbers which are
invariant under real flops of n-manifolds is spanned by the numbers wk1wn−k
for 0 ≤ k ≤ n− 1 modulo those Stiefel-Whitney numbers which vanish for all n-
manifolds. The dimension of this space of invariant Stiefel-Whitney numbers,
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modulo those which vanish for all n-manifolds, is 0 for n odd and bn/4c+1 for
n even. The quotient ring of MO∗ by the ideal I of real flops is isomorphic to:
F2[RP2,RP4,RP8, . . . ]/((RP2
a
)2 = (RP2)2
a
for all a≥ 2)
We prove this in several stages.
PROPOSITION 2. The Stiefel-Whitney numbers wk1wn−k for 0 ≤ k ≤ n−1 are
invariant under classical flops, equivalently they vanish on the ideal I.
PROOF 1. We use the theory of Stiefel-Whitney classes discussed in Sec-
tion 1. Consider a classical flop X1
f1−→ Y f2←− X2. Compute:
wk1wn−k[Xi] = 〈w1(Xi)kwn−k(Xi), [Xi]〉
= 〈w1(Xi)k,wn−k(Xi)∩ [Xi]〉
= 〈w1(Xi)k,wn−k(1Xi)〉
Since fi : Xi→ Y is crepant, this equals:
= 〈 f ∗i w1(Y )k,wn−k(1Xi)〉
= 〈w1(Y )k, fi∗wn−k(1Xi)〉
= 〈w1(Y )k,wn−k fi∗(1Xi)〉
Since fi restricts to an RP1-bundle over Z and to an isomorphism over Y −Z,
and since χ(RP1) = 0, this equals:
= 〈w1(Y )k,wn−k(1Y +1Z)〉
Since this is independent of i, it follows that wk1wn−k[X1] = w
k
1wn−k[X2]. 
PROOF 2. The tangent bundle of RP(A⊕B∗) has a splitting:
0→ T 3rel→ TRP(A⊕B∗)→ pi∗TZ→ 0
and Trel⊕O∼= (A⊕B∗)⊗O(1)∼= A⊗O(1)⊕B∗⊗O(1). Let u= w1O(1) and let x1,x2
and x3,x4 denote the Stiefel-Whitney roots of A and B∗ respectively. Then the
Stiefel-Whitney classes of TRP(A⊕B∗) can be expressed as the elementary sym-
metric functions in the Stiefel-Whitney roots of TZ together with the formal
variables x1+ u, . . . ,x4+ u. This gives one too many formal variables to be re-
garded as Stiefel-Whitney roots, but they can nevertheless be used to compute:
wk1wn−k[RP(A⊕B∗)]
=
∫
RP(A⊕B∗)
(x1+u+ x2+u+ x3+u+ x4+u+pi∗w1(TZ))kwn−k(RP(A⊕B∗))
The u’s cancel modulo 2 to give:
=
∫
Z
pi∗
[
(x1+ x2+ x3+ x4+pi∗w1(TZ))kwn−k(RP(A⊕B∗))
]
Since pi∗ is a map of H∗(Z)-modules and since the xi’s pull back from H∗(Z), this
equals:
=
∫
Z
(x1+ x2+ x3+ x4+w1(TZ))k pi∗
[
wn−k(RP(A⊕B∗))
]
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which equals zero since pi∗
[
wn−k(RP(A⊕B∗))
]
= 0. Indeed, the above splitting of
TRP(A⊕B∗) implies that:
pi∗
[
wn−k(RP(A⊕B∗))
]
=pi∗
[
pi∗wn−k(TZ)+pi∗wn−k−1(TZ)w1(Trel)
+pi∗wn−k−2(TZ)w2(Trel)+pi∗wn−k−3(TZ)w3(Trel)
]
and since pi∗ is a map of H∗(Z)-modules which decreases degree by 3, this
equals:
=wn−k−3(TZ)pi∗
[
w3(Trel)
] ∈ Hn−k−3(Z)
which equals zero since
∫
pt : H
0(Z)→ Z/2 is iso and since:∫
pt
pi∗
[
w3(Trel)
]
=
∫
pi−1(pt)∼=RP3
w3(Trel) =
∫
RP3
w3(TRP3) = χ(RP3) = 0 mod 2. 
PROPOSITION 3. The degree-2k generators of MO∗ survive to the quotient
MO∗/I.
PROOF. Any degree-2k generator of MO∗ (as an F2-algebra) has s2k(w) 6= 0
mod 2. But in characteristic 2:
s2k(w) = (t
2k
1 + · · ·+ t2
k
2k ) = (t1+ · · ·+ t2k)2
k
= w2
k
1
which vanishes on I by Proposition 2. 
Now we use flops corresponding to the bundles A = pi∗1O(1)⊕ pi∗2O(1) and
B = O⊕2 over Z = RPa×RPb for particular values of a and b to show that all
other (suitably chosen) generators of MO∗ (as an F2-algebra) do not survive to
the quotient MO∗/I.
PROPOSITION 4. Consider the projective bundle:
E = RP
(
pi∗1O(1)⊕pi∗2O(1)⊕O⊕2
)
over Z =RPa×RPb. Then sa+b+3[E] 6= 0 if a= 2k−2 and b= 0,1, . . . ,2k−3 for any
integer k ≥ 2.
This gives a sequence of projective bundles:
E5,E6;E9,E10,E11,E12,E13,E14;E17,E18, . . .
with sn[En] = 1. Since MO∗ has no generators in degrees of the form 2k− 1, this
implies that MO∗/I is generated by the manifolds RP2
k
, k ≥ 1.
PROOF. Totaro computed a formula for sn(c)(C˜P(A⊕B)) in [Tot00, p. 77]:∫
Z
∑
i1+i2+i3+i4=n−3
ir≥0
xi11 x
i2
2 x
i3
3 x
i4
4
[
(−1)i2(n−1i1 )+(−1)i1(n−1i2 )+(−1)i4+1(n−1i3 )+(−1)i3+1(n−1i4 )]
where x1,x2 are the Chern roots of A and x3,x4 the Chern roots of B. Interpreting
this mod 2 gives a formula for sn(w)(RP(A⊕B∗)) in terms of the Stiefel-Whitney
roots of A and B.
For E:
x1 = pi∗1w1(O(1)) = g1 ∈ H1(RP2
k−2×RPb)
x2 = pi∗2w1(O(1)) = g2 ∈ H1(RP2
k−2×RPb)
x3 = x4 = 0
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so Totaro’s formula gives:
sa+b+3[E] =
∫
Z
x2
k−2
1 x
b
2
[(2k+b
2k−2
)
+
(2k+b
b
)
+
(2k+b
0
)
+
(2k+b
0
)]
=
(2k+b
2k−2
)
+
(2k+b
b
)
.
This number is odd. Indeed the identity ord2(n!) = n−α2(n), where ord2(n!) is
the number of times 2 divides n! and α2(n) is the number of nonzero digits in
the binary expansion of n, lets us compute:
ord2
(2k+b
b
)
= ord2
(2k+b)!
b!2k!
= ord2((2k+b)!)−ord2(b!)−ord2(2k!)
= 2k+b−α2(2k+b)−b+α2(b)−2k+α2(2k)
= α2(b)−α2(2k+b)+1
= 0 since b< 2k
ord2
(2k+b
2k−2
)
= ord2
(2k+b)!
(2k−2)!(b+2)!
= ord2((2k+b)!)−ord2((b+2)!)−ord2((2k−2)!)
= 2k+b−α2(2k+b)−ord2((b+2)!)−2k+2+α2(2k−2)
= b−α2(2k+b)−ord2(b+2)!+2+(k−1)
= b−α2(b)−ord2((b+2)!)+ k since b< 2k
= ord2(b!)−ord2((b+2)!)+ k
> 0 since b≤ 2k−3.
This final inequality holds since (b+ 2)!/b! = (b+ 2)(b+ 1) so ord2((b+ 2)!)−
ord2(b!) equals ord2(b+2) or ord2(b+1), which are both < k since b≤ 2k−3. 
All that remains to prove Theorem 1 is to determine what relations the
generators RP2
k
of MO∗/I satisfy. The key is the following formula.
LEMMA 5. Let 2n= 2b1+ · · ·+2br be a partition. Then:
w01w2n[RP
2b1 ×·· ·×RP2br ] = 1
and if 2i≥ 2 has binary expansion 2i= ∑sk=1 2ck then:
w2i1 w2n−2i[RP
2b1 ×·· ·×RP2br ]
equals the number (mod 2) of sequences 1 ≤ j1, . . . , js ≤ r such that the binary
expansion of 2b jk contains 2
ck for all 1≤ k ≤ s.
PROOF. The first equality is immediate since:
w2n
[
RP2b1 ×·· ·×RP2br]= r∏
j=1
(
2b j+1
2b j
)
=
r
∏
j=1
(2b j+1) = 1.
The second equality is more subtle:
w2i1 w2n−2i[RP
2b1 ×·· ·×RP2br ]
= ((2b1+1)g1+ · · ·+(2br+1)gr)∑2ckσ2n−2i(
2b1+1︷ ︸︸ ︷
g1, . . . ,g1, · · · ,
2br+1︷ ︸︸ ︷
gr, . . . ,gr)
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which in characteristic 2 equals:
=
[
s
∏
k=1
(g2
ck
1 + · · ·+g2
ck
r )
]
σ2n−2i(g1, . . . ,gr)
=
[
∑
1≤ j1,..., js≤r
g2
c1
j1 g
2c2
j2 · · ·g2
cs
js
]
σ2n−2i(g1, . . . ,gr)
= ∑
1≤ j1,..., js≤r
r
∏
j=1
(
2b j+1
2b j−∑{2ck : jk = j}
)
.
Each of these binomial factors satisfies:
ord2
(
2b j+1
2b j−∑k : jk= j 2ck
)
= ord2
(
2b j+1
2b j−2k1 −·· ·−2k`
)
=−α2(2b j+1)+α2(2b j−2k1 −·· ·−2k`)+α2(2k1 + · · ·+2k` +1)
=−α2(2b j)+α2(2b j−2k1 −·· ·−2k`)+ `
which equals zero iff the binary expansion of 2b j contains 2k1 , . . . ,2k` . Indeed,
note that:
ord2 n= ord2
n!
(n−1)! = α2(n)−α2(n−1)−1
which implies that α2(n)−α2(n−1) ≥ 1 with equality iff n is odd. More gener-
ally, α2(n)−α2(n− 2k) ≥ 1 with equality iff the binary expansion of n contains
2k. Assuming without loss of generality that k1 < k2 < · · · < k`, use this fact
repeatedly to conclude that:
(1) α2(2b j)−α2(2b j− 2k`) ≥ 1 with equality iff the binary expansion of b j
contains 2k` .
(2) α2(2b j−2k`)−α2(2b j−2k`−1−2k`)≥ 1 with equality iff the binary expan-
sion of 2b j−2k` contains 2k`−1 , which occurs iff the binary expansion of
2b j contains 2k`−1 .
...
(`) α2(2b j−2k2−·· ·−2k`)−α2(2b j−2k1−·· ·−2k`))≥ 1 with equality iff the
binary expansion of 2b j − 2k2 − ·· · − 2k` contains 2k1 , which occurs iff
the binary expansion of 2b j contains 2k1 .
Add these together to conclude that α2(2b j)−α2(2b j − 2k1 − ·· · − 2k`) ≥ ` with
equality iff the binary expansion of 2b j contains 2k1 , . . . ,2k` , as desired.
Thus the nonzero summands are those corresponding to sequences j1, . . . , js
such that the binary expansion of 2b jk contains 2
ck for all 1≤ k ≤ r, as desired.

A consequence of Lemma 5 is that:
w2i1 w2n−2i[RP
2a ×RP2a ×RPJ ] = w2i1 w2n−2i[
2a︷ ︸︸ ︷
RP2×·· ·×RP2×RPJ ]
for all 0≤ 2i≤ 2n= 2a+1+∑J. The final task is to show that these are precisely
the relations in MO∗/I.
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First we will show that manifolds of the form:
RP2×·· ·×RP2×RP2a1 ×·· ·×RP2ar with 4≤ 2a1 < 2a2 < · · ·< 2ar
are linearly independent in MO∗/I. Note that in a given dimension 2n, such
manifolds correspond uniquely to integers 0 ≤ 4 j ≤ 2n. Namely, given an inte-
ger 0 ≤ 4 j ≤ 2n with binary expansion 4 j = 2a1 + · · ·+ 2ar , let J2n(4 j) denote the
partition:
2n=
=2n−4 j︷ ︸︸ ︷
2+ · · ·+2+
=4 j︷ ︸︸ ︷
2a1 + · · ·+2ar
An important consequence of Lemma 5 can then be stated as follows.
COROLLARY 6. Let 0 ≤ 4i,4 j ≤ 2n be integers with binary expansions 4i =
∑l 2bl , 4 j = ∑k 2ak . Then w4i1 w2n−4i
[
RPJ2n(4 j)
]
equals 1 iff {bk} ⊆ {al}.
PROOF. This is immediate since if there is a sequence as in Lemma 5 then
it is unique. 
COROLLARY 7. The manifolds:{
RPJ2n(4 j) : 0≤ 4 j ≤ 2n}
are linearly independent in MO2n/I.
PROOF. Consider the matrix:[
w4i1 w2n−4i
[
RPJ2n(4 j)
]]
0≤4i,4 j≤2n
By changing bases to:
b4 j = RPJ2n(4 j)+∑
4 j′
b4 j′
where 4 j′ ranges over all sub-sums of the binary expansion of 4 j, we obtain the
matrix: [
w4i1 w2n−4i
[
b4 j
]]
0≤4i,4 j≤2n
which is diagonal by Corollary 6.
The result then follows since by Proposition 2 the Stiefel-Whitney numbers
w4i1 w2n−4i vanish on I and hence are well-defined on the quotient MO2n/I. 
Now we find the relations.
PROPOSITION 8. Consider the projective bundle:
R2a+1 = RP(O(1)⊕O⊕3)
over Z = RP2
a+1−3. If 2a ≥ 4 then s2a,2a [R2a+1 ] = 1.
PROOF. The Stiefel-Whitney roots of O(1)⊕O⊕3 are all zero except x1 =
w1(O(1)) = g ∈ H1(RP2a+1−3). This lets us compute:
s2a,2a [R2a+1 ] =
∫
Z
pi∗
[((3
1
)
(g2
a
+u2
a
)u2
a
+
(3
2
)
u2
a+1
)
+
(
g2
a
+u2
a
+3u2
a
)
s2a(TZ)+ s2a,2a(TZ)
]
=
∫
Z
pi∗
[
g2
a
u2
a
+g2
a
s2a(TZ)+ s2a,2a(TZ)
]
=
∫
Z
g2
a
pi∗(u2
a
) =
∫
RP2a+1−3
g2
a+1−3 = 1
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since:
pi∗(u2
a
) = ci−(r−1)(−O(1)⊕O⊕3) = ∑
i1+i2+i3+i4=2a−3
i j≥0
xi11 x
i2
2 x
i3
3 x
i4
4 = g
2a−3
and since 2a ≥ 4. 
The projective bundles R2a thus give relations in each degree 2a ≥ 4 of
MO∗/I. These relations are not particularly simple to state but their existence
alone implies the following simpler relations.
PROPOSITION 9. The differences (RP2
a
)2−(RP2)2a for a≥ 2 are in the ideal I.
PROOF. A generating set for MO∗ as an F2-algebra is given by the mani-
folds:
RP2,RP4,E5,E6,RP8,E9,E10,E11,E12,E13,E14,RP16,E17, . . .
where the En’s are the projective bundles provided by Proposition 4. One can
therefore write:
R2a+1 =∑aJRPJ+ (terms involving En’s)
where J ranges over all partitions of 2a+1 into powers of two.
Proposition 8 established that s2a,2a [R2a+1 ] = 1. This implies that a2a,2a = 1.
Indeed Thom’s formula:
sI(w(E⊕E ′)) = ∑
JK=I
sJ(w(E)) · sK(w(E ′))
(see p. 190 of [MS74]) implies that if m,n≥ 1 then:
s2a,2a [Mm×Nn] = s2a,2a [M]+ s2a [M] · s2a [N]+ s2a,2a [N]
=
{
1 if m= n= 2a and M,N are indecomposable in MO∗
0 otherwise
Thus s2a,2a [RP2
a,2a ] = 1, and the only other term on the right hand side of the
above formula for R2a+1 that could possibly have s2a,2a nonzero is RP
2a+1 . But
direct calculation shows that:
s2a,2a [RP2
a+1
] =
(2a+1+1
2
)
= 2a(2a+1+1) = 0
Thus a2a,2a = 1.
By subtracting the terms involving En’s from the above formula for R2a+1 ,
we obtain an element of I of the form:
∑aJRPJ
with a2a,2a = 1. Suppose the proposition has been proved in degrees 8, . . . ,2a. By
subtracting some element of the ideal generated by the elements:
(RP4,4−RP2,2,2,2, . . . ,RP2a−1,2a−1 −RP2,...,2)
(which by inductive hypothesis lie in I) we can obtain an element of I of the
form:
RP2
a,2a +∑
J
bJRPJ
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where J now ranges only over partitions of the form J2a+1(4 j) for 0 ≤ 4 j ≤ 2a+1
(including the partition 2a+1 = 2a+1). Note that in degree 8 no subtraction is
needed to bring the element into this form.
Since this element belongs to I, its Stiefel-Whitney numbers w4i1 w2a+1−4i are
zero (by Proposition 2). This implies that:
w4i1 w2a+1−4i[RP
2a,2a ] =∑
J
bJ ·w4i1 w2a+1−4i[RPJ ]
for all 0≤ 4i≤ 2a+1. Lemma 5 gives:
w4i1 w2a+1−4i[RP
2a,2a ] = w4i1 w2a+1−4i[RP
2,...,2] =
{
1 if i= 0
0 otherwise
Corollary 7 showed that the matrix
[
w4i1 w2n−4i
[
RPJ2n(4 j)
]]
0≤4i,4 j≤2n
is nonsingu-
lar, so b2,...,2 = 1 and all other bJ = 0. Thus RP2
a,2a −RP2,...,2 ∈ I as desired. The
result now follows by induction. 
Proposition 9 implies that any element of MO2n/I can be written as a sum
of the form ∑J aJRPJ where J ranges over partitions of the form J2n(4 j) for 0 ≤
4 j ≤ 2n. Corollary 7 showed that these spaces RPJ are linearly independent
in MO∗/I. Thus the ring MO∗/I is completely described. Note that there are
precisely b2n/4c+1 such spaces RPJ since they correspond to integers 0≤ 4i≤
2n.
5. Real Projective Varieties with Gorenstein Singularities
Above we determined that the F2-vector space of Stiefel-Whitney num-
bers invariant under classical flops is spanned by the numbers wk1wn−k for
0 ≤ k ≤ n− 1. Now we define these numbers for any real projective normal
Gorenstein variety and show that this definition is compatible with small res-
olutions whenever they exist.
Throughout this section let Y be an n-dimensional projective normal Goren-
stein variety defined over R. Let Y (R) and Y (C) denote the set of real and
complex points of Y equipped with the classical topology. Let iY denote the
inclusion of Y (R) into Y (C) as the fixed-point set of the involution induced by
complex conjugation. For any morphism f : X → Y , let fR : X(R)→ Y (R) and
fC : X(C)→ Y (C) denote the corresponding maps.
We will define the numbers wk1wn−k[Y ] in two stages. First we will construct
a cohomology class w1(Y ) ∈ H1(Y (R),Z/2) and show that w1(X(R)) = f ∗Rw1(Y )
for any small resolution f : X → Y . Second we will construct homology classes
wn−k(Y )∈Hk(Y (R),Z/2) for 0≤ k≤ n−1 and show that wn−k(Y )= fR∗
(
wn−k(X(R))∩
[X(R)]
)
for any small resolution f : X → Y . Then we can define:
wk1wn−k[Y ] := 〈w1(Y )k,wn−k(Y )〉
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and it will follow that if f : X → Y is a small resolution then:
wk1wn−k[Y ] = 〈w1(Y )k,wn−k(Y )〉
= 〈w1(Y )k, fR∗(wn−k(X(R))∩ [X(R)])〉
= 〈 f ∗Rw1(Y )k,wn−k(X(R))∩ [X(R)]〉
= 〈w1(X(R))k,wn−k(X(R))∩ [X(R)]〉
= 〈w1(X(R))kwn−k(X(R)), [X(R)]〉
= wk1wn−k[X(R)] .
Note that, as our notation suggests, the classes w1(Y ) and wn−k(Y ) will not
be determined solely by the topology of the real points Y (R). They will depend
on the algebraic structure of Y , in particular how Y (R) sits within Y (C).
The cohomology class w1(Y). The Gorenstein assumption is the key to
defining w1(Y ) = w1(KY ) ∈ H1(Y (R),Z/2) where KY is the line bundle provided
by the following proposition.
PROPOSITION 10. If an n-dimensional real projective variety Y is normal
and Gorenstein then any small resolution f : X → Y is crepant. That is, the
canonical bundle over the smooth locus of Y extends to a line bundle KY over Y
and f ∗KY ∼= KX for any small resolution f : X → Y .
PROOF. Since Y is Gorenstein, its dualizing sheaf ωY is a line bundle. Since
Y is normal and projective, ωY is isomorphic to the canonical sheaf OY (KY ) =
OY (i∗KYsm) where i : Ysm ↪→ Y is the inclusion of the smooth locus (see [KM98,
Proposition 5.75]). Thus the canonical sheaf OY (KY ) is in fact a line bundle;
denote it by KY . It restricts to KYsm .
Now let f : X → Y be a small resolution and let:
Yr = {y ∈ Y : dim f−1(y)≥ r} .
Since f is small, codim(Yr) > 2r for all r > 0. In particular f has 0-dimensional
fibers away from the subspace Y1. Since Y is normal, Zariski’s Main Theorem
says that the fibers of f are connected, so f is in fact an isomorphism away
from Y1. That is, there is a commutative diagram:
X− f−1(Y1) 
 //
∼=

X
f

Y −Y1 
 // Y
All that remains is to show that f ∗KY ∼= KX . Since Y −Y1 ⊂ Ysm, the above
diagram implies that f ∗KY and KX both restrict to the canonical bundle over
X− f−1(Y1). Since X is smooth, X is normal. It is a standard result that two line
bundles on a normal variety over a field are isomorphic if they are isomorphic
away from a subset of codimension ≥ 2. Thus to show that f ∗KY ∼= KX it suffices
to show that codim f−1(Y1)≥ 2. Write:
f−1(Y1) = f−1(Y1−Y2)∪ f−1(Y2−Y3)∪·· ·∪ f−1(YR−YR+1)
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Since dim(X) = dim(Y ) and f is small:
codim f−1(Yr−Yr+1)≥ codim(Yr−Yr+1)− r > 2r− r = r
for any r > 0. Thus codim f−1(Y1) = minr>0 {codim f−1(Yr−Yr+1)} ≥ 2 as desired.

The homology classes wn–k(Y). To define the homology classes wn−k(Y )
for 0≤ k ≤ n−1, we will define an Euler function αY and set:
wn−k(Y ) := wn−k(αY ) ∈ Hk(Y (R),Z/2)
where w∗ : FZ/2 → H∗(−,Z/2) is the natural transformation described in Sec-
tion 1.
Namely let αY be the Z/2-valued function which assigns to each point of
Y (R) its local mod 2 intersection homology Euler characteristic within the com-
plexification Y (C). More formally let:
αY = χ(IC•Y (C),Z/2)◦ iY
where IC•Y (C),Z/2 denotes the, say upper-middle, mod 2 intersection chain sheaf
on Y (C) (see [GM83]), and χ denotes the function which assigns to a sheaf A•
the Z/2-valued function:
p 7→∑
i
rankHi(A•)p mod 2
To see that this Z/2-valued function αY is constructible and satisfies the
local Euler condition, consider the complex algebraic variety Y (C). It has a
complex algebraic stratification (see for instance [GM88, p. 43]) and the real
points of its strata form real algebraic subvarieties {Wi} of Y (R) (these may not
form a stratification of Y (R) but that is irrelevant). Since the intersection chain
sheaf IC•Y (C),Z/2 is constructible with respect to the stratification of Y (C), the
function αY is a Z/2-linear combination of the characteristic functions {1Wi}.
As explained in Section 1, the fact that real analytic spaces are mod 2 Euler
spaces implies that these characteristic functions, and hence αY satisfy the
local Euler condition, as desired.
PROPOSITION 11. If f : X → Y is a small resolution then:
fR∗(w∗(X(R))∩ [X(R)]) = w∗(αY ) ∈ H∗(Y (R),Z/2)
PROOF. By definition:
αY = χ(H•(IC•Y (C),Z/2))◦ iY = χ
(
lim
U3p
H•(U,IC•Y (C),Z/2)
)
◦ iY
(1)
= χ
(
lim
U3p
H•(U,R fC∗(Z/2)X(C))
)
◦ iY
= χ
(
lim
U3p
H•( f−1C (U),(Z/2)X(C))
)
◦ iY
= χ
(
H•( f−1C (p),Z/2)
)
◦ iY
(2)
= χ
(
H•( f−1R (p),Z/2)
)
◦ iY
= fR∗(1X )
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Equality (1) holds since Goresky-MacPherson showed that R fC∗(Z/2)X(C) ∼=
IC•Y (C),Z/2 (see [GM83, p. 121]). Equality (2) holds since the Borel-Moore ho-
mology long exact sequence (see [Ful98, p. 371]):
· · · → H j
(
f−1R (p)
)→ H j( f−1C (p))→ H j( f−1C (p)− f−1R (p))→ ···
implies that:
χ( f−1C (p))−χ( f−1R (p)) = χ
(
f−1C (p)− f−1R (p)
)
which is even since complex conjugation induces a free involution of f−1C (p)−
f−1R (p) (and the Euler characteristic is multiplicative for fiber bundles, in par-
ticular for double covers).
The result then follows from the pushforward formula fR∗w∗ = w∗ fR∗. 
The definition of αY might seem unnecessarily complicated. Why not sim-
ply use 1Y instead? The 3-fold node Y illustrates why not. By the preceding
proposition:
w3[X1] = w3[X2] = w3(αY )
where X1→Y←X2 are its small resolutions discussed earlier. These resolutions
are isomorphisms away from the singular point i : P→Y , where the fiber P1 has
mod 2 Euler characteristic χ(P1(R)) = 0= 2= χ(P1(C)). Thus:
= w3(1Y −1P) = w3(1Y )−w3(1P)
Since w3(1P) lives in H0(Y (R),Z/2) and w∗(1P)∩ [P] = 1 ∈ H∗(P(R),Z/2), we can
use the pushforward formula to compute:
= w3(1Y )−w3(i∗1P) = w3(1Y )− i∗w0(1P)
= w3(1Y )−1
Thus if one used 1Y instead of αY then the resulting definition of w3[Y ] would
not equal w3[Xi] and would thus be incompatible with small resolutions.
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